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We study the thermocapillary creeping flow induced by a thermal gradient at the liquid-air in-
terface in the presence of insoluble surfactants (impurities). Convective sweeping of the surfactants
causes density inhomogeneities that confers in-plane elastic features to the interface. This mech-
anism is discussed for radially symmetric temperature fields, in both the deep and shallow water
regimes. When mass transport is controlled by convection, it is found that surfactants are depleted
from a region whose size is inversely proportional to the interfacial elasticity. Both the concentration
and the velocity fields follow power laws at the border of the depleted region. Finally, it is shown
that this singular behavior is smeared out when molecular diffusion is accounted for.
INTRODUCTION
When an interface is exposed to a temperature gra-
dient, the local variation of its surface tension induces
a shear stress that drives the fluids in motion [1]. The
resulting thermocapillary (or Marangoni) flows are ubiq-
uitous in everyday life as well as in industrial processes.
Their structure and stability have been thoroughly doc-
umented in the fluid mechanics literature [2, 3]. For in-
stance, it has been known since the 18th century that
thermocapillarity can be used to actuate floating bod-
ies [4]. Another example is provided by the Be´nard-
Marangoni instability: when a thin liquid layer is heated
from below, it exhibits a regular flow pattern consisting
of hexagonal cells that are attributed to thermocapillary
convection [5].
Current scientific challenges involving thermocapillary
flows are focused on microscopic scales [6]. Indeed, the
prevalence of interfacial phenomena as the size decreases
allows for a fine control of free surface flows. A con-
venient way to remotely supply heat at microscales is
provided by light absorption from a focused laser beam.
Thermocapillarity allows for instance the formation of
vortical flows at low Reynolds number, with possible
applications for mixing [7]. The production, transport
and fusion of droplets have been achieved in microfluidic
devices using the photothermal effect [8]. Likewise, it
has been shown that the height profile of nanometer-thin
films can be controlled by light-induced temperature gra-
dients [9]. Direct conversion of light into work has also
been evidenced in the field of active matter: actuation
of microfabricated rotors [10] and micron-sized spherical
particles [11, 12] at the liquid-air interface have been ac-
complished recently, confirming that thermocapillarity is
a highly efficient mechanism for colloidal self-propulsion.
From a theoretical viewpoint, the structure of thermo-
capillary flows is fairly well understood [13, 14]. Still,
a body of experimental evidence reveals that the situ-
ation is not always as clear as expected. For instance,
horizontal velocities measured along the interface can be
several orders of magnitude lower than that predicted
for Marangoni convection [15–17]. The divergent flows
that originate from a radially symmetric source may
also be unstable with respect to azimuthal perturbations,
both at the macroscopic [18–20] and the microscopic [11]
scales. To account for these observations, contamina-
tion of the liquid-air interface by surface-active species
is commonly invoked. Indeed, the convective sweeping
of surfactants by the thermally-induced flow causes their
accumulation at the boundaries of the container. The
ensuing tension gradient — whose origin is now solutal
— then gives rise to restoring Marangoni forces and con-
fers an effective in-plane elasticity to the interface. This
mechanism was first discussed by Berg and Acrivos in
the context of the Be´nard-Marangoni instability [21]. It
is actually reminiscent of Levich’s explanation for the re-
tarded motion of ascending bubbles in a liquid [2, 22].
In the present study, we consider the hydrodynamic
response of a surfactant-laden interface to a thermo-
capillary flow. Although many experiments are per-
formed with radially symmetric sources [11, 16–19], lit-
tle is known regarding 3D axisymmetric geometry. Also,
arbitrary liquid depths have not yet received much con-
sideration. We thus intend to pursue previous theoret-
ical works, that were mainly focused on 2D configura-
tions in the shallow-water limit [23–25]. Here, the dis-
tribution of insoluble surfactants is characterized in both
deep and shallow water configurations. We also revisit
the classical surface stagnation hypothesis of Carpenter
and Homsy [24] and extend the analysis to mass trans-
port regimes where both convection and diffusion are rel-
evant. The paper is organized as follows. In sect. , we
present the theoretical model and comment the main as-
sumptions. The problem is then solved in sects. and for
various regimes of mass transport, depending on whether
surface diffusion or convection — or both — are relevant.
The main outcomes are finally summarized and discussed
in sect. .
FORMULATION OF THE PROBLEM
The situation under investigation is schematically
drawn in fig. 1. A newtonian, incompressible liquid of
viscosity η and mass densityρ is enclosed in a cylindri-
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FIG. 1. Thermocapillary flow driven by a radially symmet-
ric heat source, in the presence of surface-active impurities
(represented as surfactants). The temperature gradient in-
duces horizontal stresses that drive the liquid from the hot to
the cold regions of the interface. Impurities are then swept
away toward the cell boundaries, which induces a gradient of
concentration.
cal cell of radius R and height H. The z-axis coincides
with the centerline of the cell. It is oriented upwards,
with unit vector ez. The free liquid-air interface is as-
sumed to remain flat and located at z = 0. We denote
A‖ = (1− ezez) ·A the horizontal projection of the vec-
tor A.
A small amount of bulk-insoluble surfactants is present
at the liquid-gas interface. The equilibrium surface con-
centration Γ0 is assumed to be sufficiently small such that
the surfactants remain in the dilute phase. Under non-
uniform heating, the liquid is driven into motion by the
thermocapillary effect. The resulting inhomogeneities in
surfactant concentration then give rise to a solutal coun-
terflow, that we aim to characterize.
Marangoni flow
The coupling between thermal and solutal Marangoni
flows requires to solve simultaneously the momentum,
energy and mass conservation equations [26–28]. The
flow velocity v(r, t) and pressure p(r, t) are governed by
the Navier-Stokes equation
ρ (∂tv + v ·∇v) = η∇2v −∇p , (1)
together with the continuity equation
∇ · v = 0 . (2)
These equations are supplemented with the boundary
conditions at the free surface
vz
∣∣
z=0
= 0 , (3a)
η
(
∂zv‖ +∇‖vz
) ∣∣∣
z=0
=∇‖γ . (3b)
The first condition eq. (3a) expresses the absence of mass
transport (e.g., evaporation) across the flat interface.
The stress balance condition eq. (3b) is the Marangoni
boundary condition: it states that a fluid flow develops
in the bulk as a result of surface tension gradients.
Inhomogeneities of surface tension can be induced for
instance by a thermal gradient. The surface tension γ
being a decreasing function of the temperature, the liquid
is pulled from the hot to the cold regions of the interface.
Throughout this work, it is assumed that the liquid is
heated by a radially symmetric heat source, with q(r)
the injected power density. The temperature field T (r, t)
is solution of the heat transfer equation
ρc (∂tT + v ·∇T ) = κ∇2T + q(r) , (4)
where c and κ respectively stand for the heat capacity
and thermal conductivity of the liquid. One also defines
the thermal diffusivity χ = κ/(ρc). Far from the heat
source, the temperature is expected to return to its bulk
value
lim
|r|→∞
T (r, t) = T0 . (5)
It is also assumed that there is no heat flux across the
liquid-air interface
∂zT
∣∣
z=0
= 0 . (6)
The set of coupled eqs. (1)–(6) defines the thermocapil-
lary flow problem for a pure interface.
The situation gets more involved when a small amount
of surface-active molecules are irreversibly adsorbed at
the interface. Indeed, in addition to Fickian diffusion, the
surfactants are also advected by the thermocapillary flow.
The surface concentration Γ(r‖, t) of insoluble surfactants
satisfies the transport equation
∂tΓ +∇‖ ·
(
v‖Γ
)
= D∇2‖Γ , (7)
with D the diffusion coefficient along the interface. This
equation is solved together with the no-flux condition at
the boundary of the cell (r = R).
In the presence of surfactants, the surface tension de-
pends on both the temperature and the concentration. A
key ingredient of the analysis is provided by the equation
of state that relates the surface tension γ to the tem-
perature T and the surface concentration Γ. For most
simple liquids, the surface tension is a decreasing func-
tion of both variables but the equation of state γ(T,Γ)
is in general neither linear in the concentration nor in
the temperature. Let us denote T0 and Γ0 the equilib-
rium values. In the dilute limit, the surfactant monolayer
reduces the interfacial tension according to [29]
γ(T,Γ) = γ0(T )− ΓkBT , (8)
3with kB the Boltzmann constant. We also assume a lin-
earized relation for the surface tension of the pure inter-
face [14]
γ0(T ) = γ0 − γT (T − T0) , (9)
with γ0 = γ0(T0) the equilibrium tension of the pure
interface. This relation involves the (positive) coefficient
γT = |∂γ/∂T | that characterizes the rate of change of sur-
face tension with respect to temperature. Experimental
values for various liquids at room temperature are typ-
ically of the order of γT ∼ 10−4 N·m·K−1. The linear
approximation eq. (9) is thus valid in a wide range of
temperatures around T0 ∼ 300 K. Coming back to the
Marangoni boundary condition (3b), the surface tension
gradient then reads
∇‖γ = −γT∇‖T − kBT0∇‖Γ , (10)
where negligible cross-terms have been disregarded.
The convective sweeping of the surfactants gives rise
to restoring (solutal) Marangoni forces which oppose the
thermocapillary flow. This mechanism thus provides an
elastic feature to the interface, characterized by the co-
efficient E0 = Γ0kBT0. It is also convenient to define the
dimensionless elasticity number E as the ratio of solutal
and thermal contributions to Marangoni stresses [23, 24]
E = Γ0|∂γ/∂Γ|
∆T |∂γ/∂T | =
E0
γT∆T
, (11)
with ∆T the maximum temperature increase — see the
specific instances below. This dimensionless number
characterizes the “stiffening” of the interface due to the
presence of surfactant.
Simplifying assumptions
The dual Marangoni problem defined above is non-
linear and far too complex to be handled analytically.
Some simplifications are therefore needed in order to be
predictive.
First, we restrict the discussion to the stationary
regime. Although time-dependent behaviors might be
relevant, regarding for instance the relaxation dynamics
when the source is swiched on or off [30], they are not
considered here. We also focus on radially symmetric
sources and set r = (r, z), with r =
√
x2 + y2.
Second, we make the hypothesis that temperature vari-
ations are sufficiently small so that all the parameters
of the model remain constant. The only temperature-
dependent quantity is the surface tension γ according to
the equations of state (8) and (9).
Third, emphasis is placed on microscopic (i.e., sub-
millimeter) length and velocity scales. We thus make
the hypothesis that both the Reynolds and the thermal
Pe´clet numbers are small
Re =
Ul
ν
 1 , and Peth = Ul
χ
 1 , (12)
with l and U the characteristic length and velocity scales,
and ν = µ/ρ the kinematic viscosity. In other words,
the nonlinear contributions in eqs. (1) and (4) can be
disregarded. Unlike its thermal counterpart, the solutal
Pe´clet number
Pes =
Ul
D
, (13)
can take significant values. In water, the transport co-
efficients are of the order of ν ∼ 10−6 m2·s−1, χ ∼
10−7 m2·s−1 and D ∼ 10−9 − 10−10 m2·s−1. The solutal
Pe´clet number is thus expected to be 2 to 4 orders of
magnitude larger than both other numbers. The advec-
tion term in eq. (7) therefore happens to be particularly
relevant and will be the focus of this work.
POINT-LIKE SOURCE AND DEEP WATER
LIMIT
We first discuss a spherical heat source located at the
free interface of a semi-infinite liquid (H →∞). Assum-
ing that the radius a of the source is small compared to
R, heat may be regarded as emerging from a point source
located at the origin. The power density is then written
as q(r) = Qδ(r), with Q the total injected power.
From a theoretical viewpoint, the structure of the ther-
mocapillary flow due to a point-source is fairly well un-
derstood. In particular, the full non-linear problem de-
fined by eqs. (1)–(6) admits an analytical solution in
steady-state, which relies on the self-similar structure
of the fields [13]. Still, we focus on the regime of low
Reynolds and thermal Pe´clet numbers Re  1 and
Peth  1 in order to keep the calculations tractable. In-
deed, the coupling with surfactant transport implies an
additional non-linear contribution. In this section, the
solutal Pe´clet number is supposed to be infinitely large:
Pes  1.
Thermocapillary flow
In the absence of surfactants, the flow is solely due
to the thermocapillary effect. The temperature gradient
gives rise to surface stresses that puts the liquid in mo-
tion. The flow is directed from the heat source toward
the edges of the cell. Neglecting the advection term in
the heat equation (4), the steady-state temperature can
be written as
T (r) = T0 + ∆T
a√
r2 + z2
, (14)
4where we define a∆T
.
= Q/(2piκ). Even though there is
no intrinsic length-scale in the model, this relation pro-
vides a formal link between the injected power Q, the
actual radius a of the heat source, and the temperature
rise ∆T at its surface.
The resulting flow field v(0)(r) is then obtained as the
solution of the linearized version of eqs. (1)–(3). This
classical issue is discussed for instance in ref. [31]. In
particular, it is found that the radial component of the
interfacial velocity is simply given by
v(0)r (r, 0) = U
a
r
. (15)
Here, the thermocapillary velocity U is defined according
to aU
.
= γTQ/(4piκη). The latter can also be expressed
as
U =
γT∆T
2η
. (16)
For typical values γT = 10
−4 N·m·K−1, η = 10−3 Pa·s,
and ∆T = 2 K, one expects the thermocapillary velocity
to be of the order of U = 10 mm·s−1.
Solutal counterflow
When the interface is covered with insoluble surfac-
tants, both the temperature and the concentration gra-
dients contribute to the Marangoni flow. In the Stokes
regime Re 1, the total velocity field can be written as
the superposition of two terms: v(r) = v(0)(r) + v(1)(r).
The first term v(0) is the thermocapillary contribution
discussed above. The second contribution v(1) describes
the counterflow due to inhomogeneities of surfactant con-
centration. Since the solutal Pe´clet number Pes is large,
the surface concentration is expected to be strongly cou-
pled to the flow. The complexity thus arises from the
non-linear advection term in eq. (7).
We consider in this section the regime of infinite solutal
Pe´clet number Pes → ∞, where advection completely
takes over diffusion. Since the mass flux vanishes at the
boundaries, the stationary axisymmetrical solution of the
transport eq. (7) satisfies the simple relation
vr(r, 0)Γ(r) = 0 . (17)
This relation is the starting point of the seminal work of
Carpenter and Homsy [24]. The latter was restricted to
2D geometry in the regime of shallow water, for which the
lubrication approximation applies. Here we extend the
analysis to 3D axisymmetric configuration in the deep
water limit. We can deduce from eqn. (17) that there
exists a critical radius rc such that
Γ(r) = 0 , 0 ≤ r < rc , (18a)
vr(r, 0) = 0 , r > rc . (18b)
The first relation states that surfactant molecules are
completely washed out from the depletion zone r < rc.
In the region r > rc, the solutal counterflown v
(1) exactly
cancels the thermocapillary flow v(0) at the interface, so
that the total velocity vanishes.
The solutal contribution v(1) is then sought as a reg-
ular solution of the Stokes equation. To proceed, it is
convenient to switch to the (2D) Fourier representation.
The problem being radially symmetric, we introduce the
Hankel transforms of order ν [32]
Hν
[
f(r)
]
= f˜(q) =
∫ ∞
0
rf(r)Jν(qr)dr ,
H−1ν
[
f˜(q)
]
= f(r) =
∫ ∞
0
qf˜(q)Jν(qr)dq .
The main properties of Hankel transforms are summa-
rized in appendix . For convenience, a different order
ν is taken for the axial v˜
(1)
z (q, z) = H0
[
v
(1)
z
]
and radial
v˜
(1)
r (q, z) = H1
[
v
(1)
r
]
components of the velocity field [33].
It can then be shown that v˜
(1)
z satisfies a 4th-order dif-
ferential equation [34](
∂4z − 2q2∂2z + q4∂4z
)
v˜(1)z = 0 .
The solution that vanishes both at the interface z = 0
and when z → −∞ is thus
v˜(1)z (q, z) = A(q)ze
qz , (19)
where the amplitude A(q) remains to be determined. The
radial component of the velocity can be inferred from
the incompressibility condition (2) expressed in Hankel
representation
qv˜(1)r + ∂z v˜
(1)
z = 0 ,
so that we get
v˜(1)r (q, z) = −q−1A(q)(1 + qz)eqz . (20)
Concentration of surfactants
The amplitude A(q) is finally set by the balance of tan-
gential stresses at the interface eq. (3b), with the surface
tension gradient specified in eq. (10). Since the thermo-
capillary contribution is already supported by v(0), the
Marangoni boundary condition (3b) leads to
η∂zv
(1)
r (r, 0) = −
E0
Γ0
∂rδΓ ,
where we set δΓ
.
= Γ − Γ0. Switching to Hankel repre-
sentation, with δΓ˜(q) = H0 [δΓ], the latter relation leads
to
δΓ˜(q) = −2ηΓ0
E0
q−1A(q) . (21)
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FIG. 2. Distribution of surfactants as a function of distance
to the heat source, in the deep water limit and for Pes  1.
We can now rewrite the conditional eqs. (18a) and (18b)
in terms of Fourier integrals involving the unknown am-
plitude A(q)∫ ∞
0
A(q)J0(qr)dq =
E0
2η
, 0 ≤ r < rc , (22a)∫ ∞
0
A(q)J1(qr)dq = U
a
r
, r > rc . (22b)
The set of eqs. (22a) and (22b) belongs to the gen-
eral class of dual integral equations, for which advanced
mathematical methods are available [35, 36]. Since the
algebra is quite tedious but not essential for the compre-
hension, we skip the calculations (see app. ) and focus on
the analytical solution
A(q) =
E0
piη
sin(qrc)
q
+
(
aU − rcE0
piη
)
cos(qrc) . (23)
Evaluation of the inverse Hankel transform is then
straightforward. It can first be checked that δΓ(r) = −Γ0
for 0 ≤ r < rc, as expected. More interestingly, one ob-
tains for r > rc
δΓ(r)
Γ0
= − 2
pi
arcsin
(rc
r
)
+
2
pi
(
1− piηaU
rcE0
)
rc√
r2 − r2c
.
Clearly the last term diverges when r → rc. But re-
member that the actual value of rc has not been set yet.
Regularization of the latter expression then implies that
the radius of the depletion zone is given by
rc =
piηaU
E0
=
( pi
2E
)
a , (24)
so that the concentration profile finally readsΓ(r) = 0 , for 0 ≤ r < rc ,Γ(r) = Γ0 2
pi
arccos
(rc
r
)
, for r > rc .
(25)
We have thus completely determine the distribution
of surfactants — see fig. 2. A particular feature of this
solution is that the concentration is singular at the border
of the depletion zone r → r+c
Γ(r) ∼ |r − rc|α , (26)
with α = 1/2. Far away from the depletion zone r  rc,
the bare value Γ(r)→ Γ0 is recovered [37]. As expected,
the size of the depletion zone increases linearly with the
heating power Q ∝ ∆T . It is also proportional to the
coefficient γT that set the velocity scale of the thermo-
capillary flow. Conversely, the effect of the counterflow
becomes more and more pronounced as the surface elas-
ticity increases. In the incompressible limit E → ∞, the
stagnant zone eventually extends everywhere and the in-
terface is completely frozen.
Regarding the velocity field, it is obtained by evaluat-
ing the inverse Hankel transforms of eqs. (19) and (20).
This operation has to be done numerically, excepted for
the interfacial velocity vr(r, 0). It is found to be strictly
zero for r > rc, as required from (18b). For 0 < r < rc
we get
vr(r, 0) = U
a
r
√
1− (r/rc)2 . (27)
We thus find that the velocity is hardly perturbed in a
region near the origin, where vr(r, 0) ∼0 Ua/r [compare
with eq. (15)]. At the border of the depleted region r →
r−c , the velocity exhibits a singular behavior as well
vr(r, 0) ∼ |r − rc|β , (28)
with the same exponent β = 1/2.
THERMOCAPILLARY FLOW IN A THIN
LIQUID FILM AT FINITE SOLUTAL PE´CLET
NUMBER
The analysis developed in the previous section reveals
that the variation of Γ(r) is infinitely sharp at the bor-
der of the stagnant region. Yet this singular behavior is
expected to be smoothed when molecular diffusion is ac-
counted for. Unfortunately, the regime of finite Pe´clet
number is not easy to handle analytically for an un-
bounded liquid. To overcome this difficulty, we consider
the regime of shallow water for which the lubrication ap-
proximation applies.
We focus hereafter on the thermocapillary flow in a
thin liquid film with a free interface. In order to derive
general and quantitative results regarding the coupling
between the flow and the elastic response of the interface,
we assume that the size R of the vessel is infinite. The
relevant length scale in this geometry is thus provided by
the film thickness H. The flow is driven by a temperature
profile of the form
T (r) = T0 + ∆Tϕ(r) , (29)
6with ∆T > 0 a constant. The dimensionless function
ϕ(r) is assumed to be analytical and positive, and is
such that ϕ(0) = 1 and limr→∞ ϕ(r) = 0. To keep the
discussion as general as possible, the functional form of
ϕ(r) will not be specified until sect. . Still, we make
the hypothesis that the width σ of the temperature pro-
file is much larger than the depth of the fluid. We then
characterize the re-organization of surfactant molecules
in response to the thermocapillary flow, with particular
emphasis on the regime of finite solutal Pe´clet number
Pes = HU/D. In this section, the thermocapillary veloc-
ity is defined as U = γT∆T/(4η).
Marangoni flow in shallow water
In the thin-film limit H  σ, the lubrication approx-
imation applies and the velocity v = vr(r, z)er follows
the Stokes equation
η∂2zvr = ∂rp , (30)
with p(r) the pressure. This equation is solved together
with the boundary conditions (3) at the interface, as well
as the no-slip boundary condition at the bottom of the
container: v(r,−H) = 0. The condition of vanishing flow
rate in the stationary regime then provides an additional
relation that eventually leads to
vr(r, z) =
1
4ηH
(
3z2 + 4zH +H2
)
∂rγ .
This expression states in particular that the interfacial
velocity is directly proportional to the gradient of surface
tension
vr(r, 0) =
H
4η
∂rγ , (31)
where ∂rγ depends on the inhomogeneities of both the
temperature and the concentration fields.
Infinitely large solutal Pe´clet number
We first focus on the regime of large solutal Pe´clet
number Pes  1, where molecular diffusion can be
neglected. The transport eq. (7) then simplifies to
vr(r, 0)Γ(r) = 0, so that the solution of Carpenter and
Homsy applies [24]: Γ(r) = 0 for r < rc, and vr(r, 0) = 0
for r > rc. According to eq. (31), the latter condition
also implies that ∂rγ = 0, and therefore
∂rΓ = −γTΓ0
E0
∂rT ,
for r > rc. This equation is readily integrated for the
generic temperature profile given by eq. (29). Enforcing
both conditions Γ(rc) = 0 and limr→∞ Γ(r) = Γ0, we
end up with the general expression of the concentration
profile for r > rc
Γ(r) = Γ0
(
1− ϕ(r)
ϕ(rc)
)
. (32)
The radius rc of the depletion zone is obtained as the
solution of the equation
ϕ(rc) = E , (33)
with E the elasticity number. Note that this solution
only exists at “low” surface elasticity E ≤ max [ϕ(r)].
As soon as E > max [ϕ(r)], the thermocapillary flow is
not strong enough to fully deplete the surfactants and
the concentration remains finite. In this large elasticity
regime, both contributions to the flow exactly cancels
each other at z = 0 and the interface stays immobile.
Although the temperature profile has not been spec-
ified yet, one can still deduce from eq. (32) that Γ(r)
is singular at the border of the depletion zone. Indeed,
when r → r+c , the concentration behaves as
Γ(r) ∼ |r − rc|α , (34)
with α = 1, whatever the functional form of ϕ(r). Note
that this value differs from that obtained in deep water,
where it was found α = 1/2. Confinement therefore has
a drastic effect on the behavior of Γ(r) in the vicinity
of rc.
Finite solutal Pe´clet number
The previous discussion is now extended to the regime
of finite solutal Pe´clet number. In stationary state, ad-
vective and diffusive currents balance each other and the
mass transport eq. (7) leads to
D∂rΓ = vr(r, 0)Γ(r) .
Inserting expression (31) for the interfacial velocity and
taking into account the equation of state (10), we arrive
at
∂rΓ = −PesΓ(r)∂r
(
E Γ(r)
Γ0
+ ϕ(r)
)
.
Although nonlinear, this differential equation admits an
analytical solution. Together with the boundary condi-
tion at infinity, limr→∞ Γ(r) = Γ0, one finds
ln
Γ(r)
Γ0
+ EPes
(
Γ(r)
Γ0
− 1
)
= −Pesϕ(r) . (35)
This implicit relation can be discussed in the relevant
limits. Let us first assume that E is constant. Taking
the limit Pes → ∞, one recovers the concentration pro-
file eq. (32) previously derived, whereas a constant value
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FIG. 3. Concentration of surfactants at fixed Pe´clet number
Pes = 10, for different values of the elasticity number E .
Γ(r) = Γ0 is predicted when Pes → 0. We next consider
a fixed value of the Pe´clet number. In the low-elasticity
regime E  1, the concentration behaves as
Γ(r) ∼ Γ0 exp [−Pesϕ(r)] . (36)
We thus expect a strong depletion of surfactants in the
vicinity of the central axis. In the opposite regime of
large elasticity number E  1, the concentration returns
rapidly to its original value Γ0.
Thermocapillary flow due to laser absorption
As an illustration, we consider a thin liquid layer
heated by a cylindrical laser beam that propagates nor-
mal to the interface. Several experimental and numerical
studies [38, 39] recently reported that the resulting tem-
perature field in the liquid phase can be very well fitted
by a Lorentzian profile
T (r) = T0 +
∆T
1 + r2/σ2
, (37)
with ∆T the maximum temperature increase along the z-
axis. It is also observed that the half-width of the profile
σ is significantly larger that the original beam radius [38,
39].
Let us first discuss the regime of large Pe´clet number
Pes  1. Solving eq. (33) with the Lorentzian profile
eq. (37), it is straightforward to get the critical radius
rc = σ
√
E−1 − 1 . (38)
As mentioned earlier, this solution only exists at low sur-
face elasticity E < 1. As soon as E ≥ 1, the solutal coun-
terflow exactly compensate the thermocapillary flow and
the interface is completely motionless.
For finite values of the Pe´clet number, the concentra-
tion profile is obtained by inserting eq. (37) in the gen-
eral solution eq. (35). The implicit relation can then be
inverted numerically. The result is shown on fig. 3 for
Pes = 10. As the elasticity number increases, the exten-
sion of the depletion zone first decreases until the point
where it totally vanishes. At larger elasticity numbers,
surfactants are still depleted around the origin but the
concentration remains finite everywhere. Eventually, the
concentration becomes uniform when E → ∞. The main
conclusion of this section is that the singularities of Γ(r)
predicted in the limit Pes → ∞ actually disappear as
soon as Pes is finite.
CONCLUSION
To summarize, we have developed a theoretical anal-
ysis of the flow properties when both thermal and solu-
tal Marangoni effects are relevant. The flow is primarily
driven by thermal effects, but the elastic response of the
interface brings an additional complexity that was first
discussed in ref. [24]. Our main results are the following:
• in the deep water limit and for the convective
regime of mass transport (Pes  1), surfactant
molecules are swept away from a region whose size
is inversely proportional to the elasticity number.
Outside this region, the solutocapillary and ther-
mocapillary contributions to the interfacial flow ex-
actly cancel each other, even though the interfacial
stress does not vanishes.
• if the elasticity of the interface is too large, the
depleted region may even disappear and the con-
centration remains finite everywhere. This corre-
sponds to the situation where the stagnant region
extends over the entire interface.
• the effect of diffusive mass transport is discussed
in the shallow water regime. For finite Pes, the
transition between the depleted and the stagnant
regions of the interface becomes smooth.
Some simplifications were necessary in order to derive
our analytical results. In particular, it is assumed all
along the article that the water-air interface remains flat.
But it is well known that, under confinement, Marangoni
stresses also drive interfacial deformations. According
to refs. [41–43], the deformation amplitude δh is ex-
pected to scale as δh ∼ γT∆T/(ρgH). For typical values
γT = 10
−4 N·m·K−1, ∆T = 1 K, and for H = 10−3 m,
the relative height is δh/H ∼ 10−2: deformations can
thus be safely neglected for a liquid layer whose thickness
lies in the millimeter range. Nevertheless, the assump-
tion breaks down for smaller thicknesses, in which case a
steady-state solution may even cease to exist as the liq-
uid film would eventually no longer wet the substrate [44].
Conversely, thermogravity effects might become relevant
for larger thicknesses, but taking into account these ad-
ditional contributions is beyond the scope of this study.
8Although the contamination of the water-air interface
is a long-standing issue in interfacial science, quantitative
experimental data are rather sparse. The competition
between a divergent outward flow and the solutal inward
response may thus be used as practical way to evidence
the presence of impurities. This requires to refine the
theoretical models in order to provide reliable predictions
regarding observable quantities. The results presented in
this work is one attempt in this direction, and would
definitely deserved to be tested experimentally.
Some properties of Hankel transforms
For the sake of completeness, we remind in this ap-
pendix the main properties of the Hankel transforms.
The reader is referred to ref. [32] for a detailed presenta-
tion at an introductory level.
Let f(r) be a function defined for r ≥ 0, and such that
f(r) → 0 when r → ∞. The νth order (ν ∈ N∗) Hankel
transform of f(r) is then defined as
Hν
[
f(r)
]
= f˜(q) =
∫ ∞
0
rf(r)Jν(qr)dr ,
and the inversion formula reads
H−1ν
[
f˜(q)
]
= f(r) =
∫ ∞
0
qf˜(q)Jν(qr)dq .
Because there is no simple linearization formula for Bessel
functions, Hankel transforms do not have as many ele-
mentary properties as Fourier transforms do. Still, they
are a powerful tool in order to solve problems with cylin-
drical symmetry. Define for instance the differential op-
erator
∆ν
.
=
d2
dr2
+
1
r
d
dr
−
(ν
r
)2
,
then we have
Hν
[
∆νf(r)
]
= −q2Hν
[
f(r)
]
.
Regarding the derivative of a function, the Hankel trans-
forms satisfy the following couple of relations
Hν
[
r−ν−1
d
dr
(
rν+1f(r)
)]
= qHν+1
[
f(r)
]
,
and
Hν
[
rν−1
d
dr
(
r1−νf(r)
)]
= −qHν−1
[
f(r)
]
.
The latter relation may be used for instance to derive
eq. (21) in the text. For ν = 1 and f(r) = δΓ(r), one
indeed gets H1[∂rδΓ(r)] = −qH0[δΓ(r)], and the result
follows straightforwardly.
Solution of the integral eqs. (22)
In this appendix, we simply check that the expression
of A(q) given in the text [eq. (23)] does satisfy the dual set
of integral eqs. (22). The full derivation of the solution
is more involved, and is based on a general method that
is discussed in details elsewhere [40].
Let us first recall some general properties of integrals
involving Bessel functions. For 0 ≤ r < t, one has
I1(r, t) =
∫ ∞
0
q−1 sin(qt)J0(qr)dq =
pi
2
,
I2(r, t) =
∫ ∞
0
cos(qt)J0(qr)dq = 0 ,
whereas for r > t one gets
I3(r, t) =
∫ ∞
0
q−1 sin(qt)J1(qr)dq =
t
r
,
I4(r, t) =
∫ ∞
0
J1(qr) cos(qt)dq =
1
r
.
It is then straightforward to verify that, for r < rc, one
obtains∫ ∞
0
A(q)J0(qr)dq
=
E0
piη
I1(r, rc) +
(
aU − rcE0
piη
)
I2(r, rc) =
E0
2η
.
For r > rc, it is found∫ ∞
0
A(q)J1(qr)dq
=
E0
piη
I3(r, rc) +
(
aU − rcE0
piη
)
I4(r, rc) =
aU
r
.
As a consequence, both integral relations, namely
eqs. (22a) and (22b), are satisfied.
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